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Abstract 

This note deals with quasi-states on the two-dimensional torus. Quasi- 
states are certain quasi-linear functionals (introduced by Aarnes) on the space 
of continuous functions. Grubb constructed a quasi-state on the torus, which 
is invariant under the group of area-preserving diffemorphisms, and which 
moreover vanishes on functions having support in an open disk. Knudsen 
asserted the uniqueness of such a quasi-state; for the sake of completeness, 
we provide a proof. We calculate the value of Grubb's quasi-state on Morse 
functions with distinct critical values via their Reeb graphs. The resulting 
formula coincides with the one obtained by Py in his work on quasi-morphisms 
on the group of area-preserving diffeomorphisms of the torus. 



1 Introduction and formulation of the result 

Following Aarnes [Aa], we give the following definition: 

Definition 1.1. If Z is a compact (Hausdorff) space, let C{Z) denote the Banach 
algebra of all real- valued continuous functions on Z. Denote by C{F) the closed 
subalgebra of C{Z) generated by F, that is C{F) = {(po F\(j) e C(imF)}. A 
functional 1]: C{Z) ^ M is called a quasi-state if it satisfies 

(i) r^(l) = 1; 

(ii) r]{F) > for F > 0; 



(iii) for each F G C{Z) the restriction ?7|c(f) is linear. 



Note for further use the nontrivial fact that a quasi-state is monotone, that is ri{F) < 
r){G) for F < G, and consequently it is Lipschitz with respect to the uniform norm. 
In particular, it is continuous in the C^-topology on C{Z). 

Consider the two-dimensional torus X = T^, endowed with an area form u of 
total area 1. In [Gr] Grubb constructed a quasi-state ( on X, which is invariant 
under all diffeomorphisms of X preserving uj, and which moreover vanishes on all 
functions with support contained in an open disk. In [Kn] Knudsen asserted the 
uniqueness of such a quasi-state; for the sake of completeness, we provide a proof 
below. Our purpose in this note is to calculate the value of Grubb's quasi-state ( 
on a Morse function H e C°°{X) with distinct critical values in terms of its Reeb 
graph. 

Definition 1.2. The Reeb graph Th of H is obtained from X by collapsing connected 
components of level sets of H into points. 

We let 7t: X ^ Th denote the quotient map. It can be easily seen that the graph Th 
has a unique circular subgraph F with vertices Si, . . . , s^, and pairwise disjoint trees 
Ti, . . . , Tfc C Fif, such that each Tj intersects F precisely at sj, and F^j = F U [jj Tj. 
For j — 1, . . . ,k let aj :— H{sj). Then 

Theorem 1.3. 




The proof is given below. What is surprising is the fact that exactly the same formula 
(up to a factor of 2) was obtained by Py in [Py] for the value on H of the functional 
9 stemming from a quasi-morphism that he defined on the identity component of 
the group of symplectomorphisms of {X,uj), provided that H satisfies the additional 
requirement of having zero mean, that is JxHuj = 0. Denote by C^{X) the set of 
smooth functions on X having zero mean. Then we obtain 

Corollary 1.4. Py 's functional is the restriction to C^{X) of a quasi-state, namely, 
Grubb's quasi-state. 

The corollary follows from the discussion, except one technical point, which is ac- 
counted for below. 

Remark 1.5. This note arose as an attempt to understand Py's functional on the 
torus and to extend the results of Rosenberg [Ro] on surfaces of higher genus to the 
case of the torus. 

Acknowledgements. I would hke the thank Prof. Leonid Polterovich who suggested 
that I publish this result, and provided valuable remarks. 
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2 Proofs 



In order to carry out the calculation of theorem 1.3, we need another definition 
from [Aa]. 

Definition 2.1. For a compact space Z let A denote the collection of subsets of Z 
which are open or closed. A function t: A ^ [0, 1] is called a topological measure if 
it satisfies 

(i) t{Z) = 1; 

(n) t{Z -K)+ t{K) = 1 for compact K G Z; 
(in) t{K U K') = t{K) + t{K') for disjoint compact K, K' C Z; 

(iv) r{K) < t{K') for compact K,K' eA such that K C K'; 

(v) for open U <Z Z, t{U) = sup{r(_ftr) \ K (ZU, K compact}. 

Quasi-states are in bijection with topological measures - this is Aarnes's repre- 
sentation theorem [Aa]. In one direction, if r is a topological measure, then the value 
of the corresponding quasi-state 77^ on a function F e C{X) is 



where hpit) = r({F < t}). 

Grubb actually constructed a topological measure and the aforementioned quasi- 
state is, of course, provided by Aarnes's representation theorem. In what follows 
Grubb's topological measure is denoted by r. Maintain the notations of section 1. 
Since the function in question, i/, has only finitely many critical values, it suffices 
to compute hH{t) — t{{H < t}) for a regular value t of H. Let Kj :— 7r~^(sj), 
Dj := Int7r-^(7;) for j = 1, . . . , A; and 5 := X - [j. Dj = 7t-^{T). Note that the Kj 
are figures-eight and the Dj are open disks. Denote by | • | the Lebesgue measure 
corresponding to cu. For t e R let X* := {H < t}. 

Lemma 2.2. For a regular value t of H we have 





(1) 



j:aj>t 



Assuming the lemma for the moment, we proceed to the 
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Proof (of theorem 1.3). Without loss of generahty, ai < ■ ■ ■ < ak- Denote also 
M — maxx H and m — min^ H. Then we have 



plVl rlVl 

C{H)^M- bH{t)dt^M- \X* n S\ + J2 

J m J m .-.i- 

/■"fc 

= M - (M - ak)\S\ - / \X*nS 



j:t>aj 

""fc 

dt 



'ai 

fc-1 j 



- J](«i+i - %)| u^^i - - °^^) E i^^i 

j=l i=l j=l 

\x'ns\dt + J2<^3\Dj 

/Q,^ fc p k 

\X^nS\dt+^aj\Dj\^ / Hu; + ^aj\Dj\ 

-1 7 = 1 ''^ 7 = 1 



fc 



J X J Dj J X J Dj 

as required. Here we used the fact that if {Y, a) is a finite measure space, G is a 
bounded measurable function on Y with maximum /3 and minimum a, then 

[ Gda^Pa{Y)- f a{{G <t})dt- 

Jy Ja 

here we have Y — S,a— \-\, G — H\s, ol — Oii, (5 — a^- □ 

Proof (of the lemma). In order to estabhsh formula (1), we need to compute t{{H < 
t}). The topological measure r can be described as follows. A topological measure 
is completely determined by its values on compact submanifolds (with boundary) of 
full dimension, in our case, on compact subsurfaces, see [Za]. If C X is a compact 
subsurface, let C X denote the unique subsurface with no contractible boundary 
components such that (i) dW C dW , (ii) Int n Int I? D dW , and (iii) W /\W 
is contained in a (finite) disjoint union of closed disks. Then t{W) = \W\. The 
uniqueness of 1^, as well as certain properties of the map i— > Vl^ are estabhshed 
in [Za]; the notation edl^ is used there instead of W. 

Therefore we need to find X* for a regular value t oi H. If 7 C X is a simple 
closed contractible curve, then it bounds a unique closed disk, which we denote D{'y). 
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Definition 2.3. Let W G X he a subsurface. A contractible boundary component 
7 C dW is called exterior (with respect to W) if lntD{'y) fl Intl^ D 7 and interior 
otherwise. A contractible boundary component S C dW is called maximal if for any 
other contractible boundary component 6' we have either D[S') C D[S) or D{S') n 
D{6) = 0. 

The following lemma is proved in [Za]: 

Lemma 2.4. Let W G X be a subsurface, and assume that 71, ... ,7^ are the max- 
imal exterior boundary components of W , while 5i, . . . , 5^ are the maximal interior 
boundary components of W . Then 

W^{w\j\jD{5,))-[jD{^^). 

i j 

□ 

Thus in order to compute X*, we need to know the maximal boundary compo- 
nents of dX^ = H~^{t), and also which components are exterior and interior with 
respect to X*. Note that if 7 C H~^{t) is a contractible curve, then it must be con- 
tained in one of the disks Dj. Before determining the exterior and interior maximal 
components of X*, we need an auxiliary result, which also appears in [Za]: 

Lemma 2.5. Let W C X be a subsurface contained in an open disk. Then any 
boundary component of W is contractible and any maximal boundary component of 
W is exterior with respect to W . □ 

Lemma 2.6. Let 7 C H^^{t) = dX^ he a maximal boundary component. Then it 
is exterior with respect to X* if and only if t < aj where j is the unique index such 
that J C Dj. 

Proof. Let W = Dj flX*. If aj > t, then X*, and hence also W, is disjoint from Kj, 
which contains the topological boundary of Dj. Hence W is a compact subsurface 
of X contained in an open disk. Since 7 is a maximal boundary component of X*, 
it is a maximal boundary component of W and hence is exterior with respect to W, 
by the previous lemma, therefore it is exterior with respect to X*. 

To obtain the other direction, repeat the argument for {H > t} and note that 
a maximal component 6 C H~^{t) — dX* — d{H > t} is exterior with respect to 
X* = {LL < t} if and only if it is interior with respect to {H >t}. □ 

It follows from lemmas 2.4, 2.6 that if aj > t, then the disk Dj is disjoint from 
X* while if aj < t, then the disk Dj is entirely contained in X*. Consequently 

X* = (X* n 5) u U Dj , 

j:t>aj 
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and so 

j:t>aj 

as asserted. □ 

Proof (of corollary 1.4). So far we have shown that Py's functional 9 and Grubb's 
quasi-state ( coincide on the subset of C^{X) consisting of Morse functions with 
distinct critical values. Since C is a quasi-state, it is continuous in the C°-topology. 
Using the techniques of section 8 of [Ro] , it is possible to show that 6 is continuous in 
the C^-topology. The set of Morse functions with distinct critical values is C^-dense 
in C^{X), a fortiori C°-dense, hence we are done. □ 

Wc now turn to the aforementioned uniqueness. Grubb's topological measure is 
easily seen to be invariant under any symplectomorphism. We now show 

Proposition 2.7. Let a be a topological measure on X which vanishes on disks and 
is invariant under symplectic isotopies. Then a equals Grubb's topological measure 

T. 

Proof. Since a vanishes on disks, a{W) = a{W) for any subsurface W C X. Thus it 
suffices to show that if 1^ is a subsurface with no contractible boundary components, 
then a{W) = \W\. Using additivity, it is enough to show this in case 1^ is a closed 
smoothly embedded annulus with non-contractible boundary circles. 

Choose a system of coordinates {p, q) on X such that ui = dp A dq. Call an 
embedded non-contractible circle linear if it has a parametrization of the form M/Z 3 
t ^ ipo + kt, qo + It), where A;, / is a pair of mutually prime integers, the slope of 
the circle. A closed smoothly embedded annulus is hnear if its boundary circles are 
(in this case they must have the same slope). By a standard, thought somewhat 
lengthy, argument, it can be shown that any closed smoothly embedded annulus can 
be symplectically isotoped to a linear one of the same area. We shall show that the 
value of a on any such annulus equals its area. 

Clearly translations are symplectic isotopies so that all the linear annuli of the 
same slope and the same area are symplectically isotopic and so share the same value 

of (7. 

Fix a slope; in what follows all annuli will be linear and have the chosen slope. 
Consider an annulus W of area - where n > 2 is a natural number. Since we can 

n — 

fit n — 1 pairwise disjoint translates of W into X, we have, by the additivity and 
monotonicity of cr, {n — l)a{W) < 1 so that 

a(W) < -1- . 
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Now consider an annulus W of area 2^ where N is a natural number and let O — 
Int W. The whole torus X is the disjoint union of N translates of W and N translates 
of O, so we obtain N{a{W) + cr{0)) — 1, whence 

a(W) > a(0) = — - a(W) > — , 

by the previous inequality. 

Finally, let A be an annulus of arbitrary area a e (0, 1). For any natural N let 
rriN = [2Na\. Note that liniAr^oo ^ = We can fit at least mjv — 1 translates of 
an annulus of area 2^ into A. This means that 

<7{A) > {rriN - 1) f ^ 



2N- 

On the other hand, we can fit at least 2N — 1 — ruN translates of an annulus of area 
2^ into the complement X — A, so that 

a(A) ^l-a(X-A)<l-{2N-l-mM)Q^- ^^^^ . 
It follows easily from the last two inequalities that for large N 



"^^^ - 2N 



const 

< 

- N 



Therefore cf{A) = limjv^oo ^ = C(, as desired. □ 
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